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Problem Set 8

This problem explores Turing machines, properties of the RE and R languages, and the limits of de-
cidability. This will be your first experience exploring the limits of computation, and I hope that you
find it exciting!

As always, please feel free to drop by office hours, ask questions on Piazza, or send us emails if you
have any questions. We'd be happy to help out.

Good luck, and have fun!

Due Friday, December 2nd at the start of lecture.

Skills developed on this problem set:

• Designing context-free grammars for a variety of languages.

• Understanding the connection between various classes of  grammars and the regular  lan-
guages.

• Using the TM design techniques described in class to design concrete Turing machines for a
number of languages.

• Understanding the concept of a TM subroutine and using that idea to design larger Turing
machines out of smaller pieces.

• Engaging with the definitions of R and RE to understand the nuances of why we have and
need multiple definitions of problem-solving.

• Exploring nuances and edge cases in the definitions of R and RE languages.



Problem One: Designing CFGs (17 Points)
Below are a list of alphabets and languages over those alphabets. For each language, design a context-free
grammar that  generates that  language.  Please use our online tool to design, test,  and submit the
CFGs in this problem. To use it, visit the CS103 website and click the “CFG Editor” link under the
“Resources” header. You should only have one member from each team submit your grammars; tell us
who this person is when you submit the rest of the problems through GradeScope.

i. Given Σ = {a, b, c}, write a CFG for the language { w ∈ Σ* | w contains aa as a substring }. For
example, the strings aa, baac, and ccaabb are all in the language, but aba is not.

ii. Given Σ = {a, b}, write a CFG for the language L = { w ∈ Σ* | w is a palindrome and |w| ≥ 10 }.
(Recall that a palindrome is a string that's the same when read forwards and backwards.) For ex-
ample, we have abaaaaaaba ∈ L and abbbababbba ∈ L, but abba ∉ L and bbbbbbbbba ∉ L.

iii. Given Σ = {a, b}, write a CFG for the language L = { w ∈ Σ* | w is not a palindrome }. That is, w
is not the same when read forwards and backwards, so aab ∈ L and baabab ∈ L, but aba ∉ L and
bb ∉ L.

iv. Given Σ = {1, +,  ≟}, write a context-free grammar for the language { 1m+1n 1≟ m+n |  m, n ∈ ℕ }.
For example, the strings 111+1 1111≟  and +1 1≟  are in the language, but 1+11 11≟  is not, nor is
the string 1+1+1=111.

v. Given Σ = {a, b}, write a CFG for the language L = { w ∈ Σ*  |  |w| ≡4 0, and the first quarter of
the characters in w contains at least one b }. (If you need a refresher on the notation, look back at
Problem Set  One.)  For  example,  baaa ∈  L,  bbbb ∈  L,  abbbbbba ∈  L,  bbbaaabbbaaa ∈  L,
ababbbbbbbbb ∈ L, but abbb ∉ L, ε ∉ L, b ∉ L, aabbbbaa ∉ L, and aaabbbbbbbbb ∉ L. (For sim-
plicity, I've underlined the first quarter of the characters in each string).

vi. Let's imagine that you're going for a walk with your dog, but this time don't have a leash. As in
the previous problem sets, let Σ = {y, d}, where y means that you take a step forward and d means
that your dog takes a step forward. A string in Σ* can be thought of as a series of events in which
either you or your dog moves forward one unit. For example, the string “yydd” means that you
take two steps forward, then your dog takes two steps forward. Let L = { w ∈ Σ* | w describes a
series of steps where you and your dog arrive at the same point }. For example, the three strings
yyyddd, ydyd, and yyyddddddyyy are all in L. Write a CFG for L.



Problem Two: Right-Linear Grammars (6 Points)
A context-free grammar is called a right-linear grammar if every production in the grammar has one of
the following three forms:

• A → ε
• A → B, where B is a nonterminal.
• A → aB, where a is a terminal and B is a nonterminal.

For example, the following is a right-linear grammar:

A → aB | bB | ε

B → aC | bA | C

C → bA | aA | ε

The right-linear grammars are all context-free grammars, so their languages are all context-free. However,
it turns out that this class of grammars precisely describe the regular languages. That is, a language L is
regular if and only if there is a right-linear grammar G such that L = ℒ(G).

i. Let G be a right-linear grammar. Describe how to construct an NFA N such that ℒ(G) = ℒ(N).
You don't need to formally prove that your construction is correct, but you should give a good in-
tuitive explanation as to why the grammar has the same language as the generated NFA. Addition-
ally, to illustrate your construction, show the NFA you'd construct from the following right-linear
grammar:

   A → aB | bC

   B → aB | ε

   C → aD | A | bC

   D → aD | bD | ε

ii. Let N be an NFA. Describe how to construct a right-linear grammar G such that ℒ(G) = ℒ(N).
You don't need to formally prove that your construction is correct, but you should give a good in-
tuitive explanation as to why the generated grammar has the same language as the NFA. Addition-
ally, to illustrate your construction, show the grammar that you'd construct from the following
NFA:
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Problem Three: The Collatz Conjecture (9 Points)
The Collatz conjecture claims that the following procedure (called the hailstone sequence) terminates for
all positive natural numbers n:

• If n = 1, stop.
• If n is even, set n = n / 2.
• If n is odd, set n = 3n + 1.
• Repeat.

In Monday's lecture, we'll claim it's possible to build a TM for the language L = { 1n | n ≥ 1 and the hail-
stone sequence terminates for n } over the alphabet Σ = {1}. In this problem, you will do exactly that. The
first two parts to this question ask you to design key subroutines for the TM, and the final piece asks you
to put everything together to assemble the final machine.

i. Design a TM subroutine that, for every  n ∈ ℕ, given a tape holding 12n surrounded by infinitely
many blanks, ends with 1n written on the tape, surrounded by infinitely many blanks. You can as-
sume the tape head begins reading the first 1, and your TM should end with the tape head reading
the first 1 of the result. For example, given this initial configuration:

… 1 1 1 1 1 1 1 1 …

The TM would end with this configuration:

… 1 1 1 1 …

You can assume that there are an even number of 1s on the tape at startup and can have your TM
behave however you'd like if this isn't the case. Please use our provided TM editor to design, de-
velop, test, and submit your answer to this question. Since our TM tool doesn't directly support
subroutines, just have your machine accept when it's done. (For reference, our solution has fewer
than 10 states. If you have significantly more than this, you might want to change your approach.)

ii. Design a TM subroutine that, for every  n ∈ ℕ, given a tape holding  1n surrounded by infinitely
many blanks, ends with 13n+1 written on the tape, surrounded by infinitely many blanks. You can
assume that the tape head begins reading the first 1, and your TM should end with the tape head
reading the first 1 of the result. For example, given this configuration:

… 1 1 1 …

The TM would end with this configuration:

… 1 1 1 1 1 1 1 1 1 …1

Please use our provided TM editor to design, develop, test, and submit your answer to this ques-
tion. Since our TM tool doesn't directly support subroutines, just have your machine accept when
it's done. (For reference, our solution has fewer than 10 states. If you have significantly more than
this, you might want to change your approach.)



iii. Using your TMs from parts (i) and (ii) as subroutines, draw the state transition diagram for a Tur -
ing machine M that recognizes L. Our TM tool is configured for this problem so that you can use
our reference solutions for parts (i) and (ii) as subroutines in your solution. To do so, follow these
directions:

1. Create states named half, half_, trip, and trip_.

2. To execute the subroutine that converts 12n into 1n, have your machine transition into the state
named half. When that subroutine finishes, the TM will automagically transition into the state
labeled half_. You do not need to – and should not – define any transitions into half_ or out
of half.

3. To execute the subroutine that converts  1n into  13n+1, have your machine transition into the
state named trip. When that subroutine finishes, the TM will automagically transition into the
state labeled trip_. You do not need to – and should not – define any transitions into trip_
or out of trip.

Please use our provided TM editor to design, develop, test, and submit your answer  to this ques-
tion. (For reference, our solution has fewer than 15 states. If you have significantly more than this,
you might want to change your approach.)

Problem Four: Perfect Squares (9 Points)
Consider the following language L over the singleton alphabet Σ = {a}:

L = { an² | n ∈ ℕ and n ≥ 1} 

This language consists of all strings of a's whose lengths are nonzero perfect squares. For example, the
strings a, aaaa, aaaaaaaaa, and aaaaaaaaaaaaaaaa are all in L. Using our online TM tool, design, test,
and submit a TM whose language is L. Here are a few hints:

1. You may want to use the following (surprising) fact about perfect squares: for any n ∈ ℕ, we have

n2 = 1 + 3 + 5 + 7 + 9 + … + (2n – 1).

(It's a great exercise to prove the above result by induction, though it's not strictly necessary.)

2. You may want to introduce several extra symbols into your TM's tape alphabet. For reference, our
solution uses three extra tape symbols. You can add tape symbols to your alphabet by clicking the
“Edit tape set” button at the bottom of the editor.

For reference, our solution has around 15 states in it. If you have significantly more states in your solution
than this, you might want to change your approach.



We will cover the material necessary to solve the remaining problems in Monday's lecture.

Problem Five: Jumbled Jargon (7 Points)
Over the past week we've introduced a number of terms and definitions pertaining to Turing machines,
languages, and what it means to solve a problem. Some of the terms we've described are adjectives that
can only describe TMs, while others are adjectives that can only describe languages. Using them incor-
rectly leads to statements that aren't mathematically meaningful.

To reason by analogy, consider the statement “the set ℕ is even.” This statement isn't meaningful, because
“even” can only be applied to individual natural numbers, and ℕ isn't a natural number. Similarly, the
statement 1 ∈ 5 isn't meaningful, since 5 isn't a set. The statement ℤ ⊆ ℕ is meaningful but not true – it's
the mathematical equivalent of a grammatically correct statement that just happens to be false.

Below is a series of statements. For each statement,  decide whether that statement is mathematically
meaningful or not. If it's not mathematically meaningful, explain why not. If it is mathematically mean-
ingful, determine whether it's true or false and briefly justify your answer.

i. If M is a Turing machine, w is a string, and M accepts w, then ATM accepts ⟨M, w⟩.

ii. If M is a Turing machine, w is a string, and M loops on w, then ⟨M, w⟩ ∉ ℒ(UTM).

iii. UTM is decidable.

iv. ⟨UTM⟩ is decidable.

v. {⟨UTM⟩} is decidable.

vi. If M is a decider for a language L, then M halts on L.

vii. If M is a recognizer for a language L, then M halts on L.

Problem Six: What Does it Mean to Solve a Problem? (9 Points)
Let L be a language over Σ and M be a TM with input alphabet Σ. Below are three properties that may
hold for M:

1. M halts on all inputs.

2. For any string w ∈ Σ*, if M accepts w, then w ∈ L.

3. For any string w ∈ Σ*, if M rejects w, then w ∉ L.

At some level, for a TM to claim to solve a problem, it should have at least some of these properties. In-
terestingly, though, just having two of these properties doesn't say much.

i. Prove that if L is any language over Σ, then there is a TM M that satisfies properties (1) and (2).

ii. Prove that if L is any language over Σ, then there is a TM M that satisfies properties (1) and (3).

iii. Prove that if L is any language over Σ, then there is a TM M that satisfies properties (2) and (3).

iv. Suppose that L is a language over Σ for which there is a TM M that satisfies properties (1), (2),
and (3). What can you say about L? Prove it.



Problem Seven: R and RE Languages (6 Points)
We have covered a lot of terminology and concepts in the past few days pertaining to Turing machines
and R and RE languages. These problems are designed to explore some of the nuances of how Turing
machines, languages, decidability, and recognizability all relate to one another. Please don't hesitate to ask
if you're having trouble answering these questions – we hope that by working through them, you'll get a
much better understanding of key computability concepts.

i. Give a high-level description of a TM M such that ℒ(M) ∈ R, but  M is not a decider (you can
draw a concrete example of TM or give pseudocode for a program). Briefly justify your answer.
This shows that just because a TM's language is decidable, it's not necessarily the case that the
TM itself must be a decider.

ii. Only languages can be decidable or recognizable; there's no such thing as an “undecidable string”
or “unrecognizable string.” Prove that for every string w, there's an R language containing w and
an RE language containing w.

Extra Credit Problem: Non-Tautonyms (1 Point Extra Credit)
Recall from Problem Set Seven that a tautonym is a string consisting of the same string repeated twice.
The language of all tautonyms over the alphabet Σ = {a, b} is

L = { ww | w ∈ Σ* }.

Design a context-free grammar for L, that is, the complement of L. If you complete this problem, please
submit it online through our CFG tool and let us know in your submission which teammate submitted it.


